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linear algebra

A g 11802 (Au,v) = (u, Av) BBRNERA, (u,v) EREREXM—MEEEORS, T
AORTEEMN, TONEHEERE—T.

EXANTERBRFIMTAR? XELRETET, HRERTEFGEERIFFISEAIRES], X
LM R EDE R BIRIER,

(au,v) = a*(u,v) (u,av) = a(u,v)
— NRETERIESIS R Cauchy-Schwarz inequality
[(u,v)?] < (u,u) (v, v)
—MIEBARAGE REE, WA = (u,v)||v|| 2
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Suppose W is a k-dimensional vector subspace of the d-dimensional vector space V. Using the

Gram-Schmidt procedure it is possible to construct an orthonormal basis |1), . .., |d) for V such
that |1),...,|d) is an orthonormal basis for W. By definition
k
P=> i) |
k=1

is the projector onto the subspace W.

BRETILIEN. Q = I — P, #3 P WIIERT#h orthogonal complement, it's easy(????) to see that
is a projector onto the vector space spanned by |k + 1),...,|d) , which we also refer to as the
orthogonal complement of P, and may denote by Q

2.16 show that any projector P satisfies the equation P2 = P
Hermitian,normal,unitary
REIMKF, (RETLAEIZ— T E L aT A3 R
Hermitian or self-adjoint if AT = A

XM HHFHEERRSTEL
normal if AAT = AT A ZF &I Hermitian B2 normal £
unitary if U U = 1. ER5EME RS RRRITENUAERE

2.17 Show that a normal matrix is Hermitian if and only if it has real eigenvalues.

A normal matrix A is diagonalized by an unitary matrix U such that

A=U'DU
where D is a diagonal matrix
Hermitian conjugate of A is
Al =U'D'U

and A = A «—= D = D <= all eigenvalues are real

—MEMETENANNR S BERMEERIENENR, EaXAIEREA—ET BN
TIREEMHRIFTIRER FTRFRIKEARE, Uit —HERETHN—HERE.

MR |u;), |w;) B—EBAIERE, BARBEAU =Y, |w;) (v;| RETH,

2.18 Show that all eigenvalues of a unitary matrix have modulus 1, that is, can be written in
the form e for some real .
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Ulv) = Alv)
W)U = X* (v
|UTU ) = (v]v) = AN* (v]v)
2.19 Show that Pauli matrices are Hermitian and unitary
positive operators if (v, Av) is real and (v, Av) > 0 for any v # 0.
positive definite operators if (v, Av) > 0 for any v # 0.
IEEEME—ERBE Y
A+ Al A— Al

A= + 12 - = B+1iC
2 21
(v[Alv) = (v|B +iClv) = (v|Blv) + i (v|Clv)
A=Al

The spectral decomposition

53 BEE (Spectral decomposition) Any normal operator M on a vector space V is diagonal
with respect to some orthonormal basis for V. Conversely, any diagonalizable operator is
normal.

BN IEREME—ERT LIS, IXBURTERE—EEM. EARKIwwZRHEES AR
F. ARRHMA LIRSS AM? e T. iR, RN G iR ——AAE

EUHIEE \ FIEAIFEE LA/t P, EX#Q, XBE PT =P, P2 =P
M= (P+Q)M(P+Q), "ILUEE QMP = 0,PMQ = (QM'P) =0
Heh MM jv) = MTM [v) = AMT |v) , iRBBEH M TP & Q E=sE).
M M = AP+ QMQ, QM = QM(P + Q) = QMQ XLk QM Q RIEMK
348ESIE
KRETHRE—NTTHEENE, BMEMFEEXNHEN, XiRE.
tensor products
BB, MR, HhiEENE VERRERN

FH—NVIW = V' @ W NEHEF CHaLER A: V = V/,B: W — W' i9iRr4%
Has, C=>3,¢di®B;

R R R AT FEFF RFTRIRS
SF A, BaEEY, B

&k

(A® B)(|v) ® |[w)) = A|v) ® B|w)
FRERE EASHYIE, BTLAR Kronecker product, #E2DHRABETT.
228(A® B)* = (A*® B*),(A® B)T = (AT ® BY),(A® B)! = (A ® B)
FBKronecker productf@FFEDa]

P unitaryE+F, Hermitian&F, positiveEF, projectorEFHISKEFURIARIFMLE,
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Operator functions

EARRIES, FTEEEERHTER, B A=Y, ala) (|, f(A) = 3, f(a) |a) (al

2.35 (Exponential of the Pauli matrices) Let v be any real, three-dimensional unit vector
and @ a real number. Prove that

exp (i60 - &) = cos (0)I + isin (0)v - &
0 1 0 —1 1 0
10/ o) T
V3 V1 — 7:1]2
V1 + 102 —vg )
= A1) (Aa] = A1) (A
ERRNE, tr(Aly) (Y]) = (Y|A]p), ALMER—NERIARFERINBANA,

—

V-0

commutator between two operators A and B is defined to be
[A,B]| = AB— BA
if [A, B] = 0, AB = BA then we say A commutes with B.
anti-commutator is defined by
{A,B} = AB+ BA
we say A anti-commutes with Bif {A, B} =0
iElibe defined to be #1 be defined by BHH+AXFI
Simultaneous diagonalization theorem
AN BHEFILENS A, SEREMIIRTLERIE.
Fkd, EiAS (SIS EETF TR FRIEEACE T)
polar decomposition and SVD
unitary U and positive operators J and K such that
A=UJ=KU
J=VATA K =V AAt and if A is invertible then U is unique.
BESVDZ [ERILA WERBIT 73 iR

The postulates of quantum mechanics

HA(Rig1. state space: Hilbert space
EHA(Rig2. evolution: unitary transformation (3RS, ELATE)

L Hy)

H is a fixed Hermitian operator known as the Hamiltonian of the closed system, MmRILAES

H=) E|E)(E|
E
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5 | E) FRERAMIZ energy eigenstates By# stationary states, E 2 |E) BIBER energy,
RIRAIBEEFRNESEER ground state energy , HEMAIBEEMESHERHIFZRFNES,
ZFLIRRES, BT RAEE

|E) — exp(—iEt/h) |E)

2.56 Use the spectral decomposition to show that K = —i log (U) is Hermitian for any
unitary U, and thus U = ezp(iK) for some Hermitian K.

ARG, HE—4 Hermitian %88 1 —4 unitary %88 XSRL.

EETIRER, E—MTHINEST, FEJLIBIRENEZCNREINE H REESHhERRIT
. —SREEFRFRERYT, EEXHE(FEEGE, BEFNEG.

Quantum measurement

BFmgs.
p(m) = (Y| M My[4)
state:
M, )
¢ (MM, 1)
while

N MM, =1

R MNREXAINE 2R NUE

RN EERHIREAR R T RIEX D, SEFNEEARRIEART.

RRilE

MR~ Hermitian&fF, M = )Y, mP,, mEiHE, P, 2%,

BVAREAp(m) = (4] Prn ) ROMEER SRS T2t

PBLCHHETNEEA E(M) = (Y| M)
BY (M) = (Y| M)

BHIREER [A(M))? = (M?) — (M)?
7 AM) =/ (M?) — (M),
MRRGHF AR, BAMBEITERO,
NS —L450, AR E R S

[(4[[C, D]|9)]
2

XEXAR, RENENRFAETIN, EIARRUNERIEAIER,
fign, BB [X,Y] = 2iZ, NFEFS [0) s, B AX)AY) > (0[Z|0) =1
XITF— T3 ERIAN

A(C)A(D) >
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—

V-0 = 0101 + V909 + V303

AMHEHRE —1/1, BRRYERAIUSE P, = $(I+7-5), P.=3I—7-7)
BRITALUER By = MM,
&FNE: General measurements, projective measurements, POVMs

MEFR—RICETFNEEARRTNE, BRERSREAMUEN, Hh— M RERYES
BIFERIER, EEFHEPRIISAERENNE

BRANEERLER NMEF LEEN, 20k5R, BRNEAFERRE PP = 0;;P; 9%
BN, —LE#, MAYEGESH—LEFS, FESNEANEMARREMESHIE

=21

REEXHR (FERSEARS) R LRFNE, HEESSIERNN. ATLARIS RS
hERE T,

—APOVM 87 E,, —£R positive K, BRI, positive fItE—EREMH,

BEXRiR4. ARERRERTSINERNES

—LER7F:

AILA— BT UGS MR B ER

The density operator

BEE T RREAF AR R FRAAIRTS,

W p; BRI TS i), BRAADpi, [1i) } #RIE ensemble of pure states, FETENEEET
p= Zpi i) (i

R RIEEN B AR I RIS R B A JRT AT LIS B2 BEAERG density matrix,
ECBREENYN, B EET
p— UpUT
SHF—ENE { M} MEEFRE m HORE
p(m) = > p(mli)p;

i

= > pitr (MM [93) (351

= tr (M);LMmp)

+

p(mi) = (i MY, My |9h;) = tr(M My, [35))
MEZ ERRSHES A
M,.pM;,
tr (M,LMmp)

Pm =

BEH, pJUSF—RIINEES T, BB

A

%
T

E
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Trace condition p 159 1
Positivity condition p /2 positive

LFERFATLALE, BRERSTMEREREMAISISRIEAESMNE, —HMNFTE, DREF
HEENRIR.

tNSp = ) (| , BBA p £ 43 pure state, BHEM— N BEETEMAD Y B NSCHFS GG
tFH 1,

< fEE >
AR
S EILERIE SR, HLERATT.

XERE—EOAE (EHERCEEEERMFINRASINSTRARNRE T, FALMSS
15)

BEETEA SRS T RAMIER

—MEMIT LSS RNTS DESIERE n MEEE XS TR,
B—MOIERAEE

SR |2) (2| B—NETF, WK ¢ ESERREE

M =Y |z;) (z;| , MECHFIH trace 91, PAFRNERS

RRETRA A, TIHRME—NES, R

5T
R RITAIEEE
1
D(p,0) = 5Tx (p— 0)

TIEEE— RS

hHEREME—NIE, FreEdlEHIRARIES
FEE: HIEFHFREET, EBRZRE.
WAEXRR

ARLER, EFHZPN: BEHEGESIE, POVMERIE, BFHERE, X=EN<EEAHFHSH
TUREXR.

B—NRETS po, p1

Psuc = pTr (Mopo) + (1 — p) Tr (My)py < 1222 (2l
Y NG

EHOLES, MIEESTK, B

REAMADMARERRIRES, A — MRS EIEERE.
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EFREE
F(p,0) = min 2,: N

REEREYERNRARESIRERERAZIE,
EFREECEETNERITIRF TRSERNX, 5— N0,

MEREN d(p,0) = 1/2(1 — o)), B2—NEE.
HHHH

EFFisher=8
E—MSHFERET, EESTHE— NG E
FMEAS NS A ENEISE

F,(A) =4 m‘}pn P;(6psi,A)*

BARENGET LG HARER

s,
FA iR EL AR
R

ERNEAZEC LR (KRET) , BEREIEtl EREASEGIE.

Brr: BIRIBFIA (¢, 2,4, 2/, s) NS, FRURREH ¢ HRIEFHERA ©, BBABK
KEH ¢ EREBEEN ', 185km s Bah,

Church-Turing thesis: ...... FBEEZEE (AR lMmAR—NEE)

FEFE R AR A Z AT B SR — MERIRITR Z AR EZRARPRA TS WIERR T . iESESHrRE™
BEM—RER ESRRY, BRETS, XNEFSEW.

IREE—aERNETLSSEH— MRS,

Eig LR, FERMERTEE, B—DRSENRNeFET— REHET, BEILUSIHEEER
TR RS (BEBRHAENEEEN) .

Hilbert BYARNEIRR (FB—NEESKIEBBFRBZRAE) & undecibability, B—&4140, BH4HE
— NEIERIERRHRFM SRR ZREMAIHZ undecibalefd,

BRERT: BREFUARENERE, ERNERMARSESERT L.
3.5 EIREHEE
B Q(P,I) £ P(I) SHAEHMRESHE 1, BULEH 0.
EBFU(P)EQ(P, P) = 1 {9FHEREM, BRHEHL,
#Q(U,U) = 0p9rdtz, 788 U(U) A&, BR U(U) LhrL2EN, SIHFE
EH Q(U,U) = 1 KR,
(bFaE
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SIRIRE
itEEgs
f(n) = O(g(n)) F7x f(n) st ERFEL g(n)
f(n) = Q(g(n)) T f(n) KR FFRAREL g(n)
f(n) = ©(g(n)) 1R f(n) = O(g(n)) = Q(g(n))
S45HE f(n) = o(g(n)) =0
ian 2n = O(2n?),2" = Q(n?)
5 EEEIRMM: (HE— et ERIEELER] LA R E RS IUENL.

it is widely believed to be wrong
P, NP, coNP QRFTEFT , #RFIEMERT.
A5 [IEELSH T —LHIiR EFEwww
P sl 2R RAVE R BB S TR R FIERIIFIRE.

EATENARERY, —KRIOZIAAGH m, liE m B5FENF | 9EFENEFHAZR—
$$ (AR

NP %2, tIREE—ER, URGSENstring w , EZHAHNNEERERN, NRAEN Yes,
BRABEIBTE qv IRSEN, WMRHIEN No, BBARLURXE THERMKMIRGTE qn KREE.

coNP 2, 8eExs NP (R THIE.

3.18 418 coNP # NP, MNP # P

P fia@i—EE coNPfy, P 2 coNP 7,
R NERREAZHE, BiIaTLAZ I,

NPI7£ NP A P &1y, BRi#AZ), EE2ELFRAEEEREGR, WIIHERKEEREREHY,
FanREE S .

PSPACE #EERFASM=XNZE, ARG ERRARE,

EXP : O(2")

L: O(log(n))

L C P C NP C PSAPCE C EXP &ELEEMNIFEET, B4RBIER

BPP : #ERERMIA 3/4 UERBHESERINERSERN, EEFITENLEBQP
MREEE1/2 + €, B:

p(z X; <n/2) <e 2™
=1

itHeEE
EIHIRFHE AT, SRREFREFREFRE

EEEH=ICT, BERHA, EBURE—TREINE, ITAFESA, BRITMSBAREIC,
EEEMERIFESR(VEEBELRF—NRANIHE, FIINZEAXEBER, SZZIHEXRE
B3R,

A EATERERE, AMEEREREFTEN,
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Landauer’s principle 2 —MEBELFE kpT In 2 NEEE, kp BRIREUEREE
BEW, FENT kpln2

BABLB—ETEER, B—FriaEs QETEA billiard ball computer

R
o i W 5
R & A '
& mmmm
/ '
C C

3
&

b |I|IIIIIIIIII : ; '@ b'

K

o - "

A,

& e &
a AT LT S [T AT a

MERRANIET (RIHAK) . BEIT— Fredkin gates, $=HIELRFOFE 1 BIRHRSwap BN
NSRS —NEEE].

Fredkin gates 2—FBFARYELE], AJLUMEHL and,not,crossover,fanout Z3EA%IZ4E( ],
Toffoli gates : a,b,c — a,b,c® —ab

Z R RIRAIINEE B D AVFIEERICIZ T, FREEEIARENFESEEERE, BIREHE-E
B, FUHAREERNERERE.

DNAitE#1 and more
! R
FADNATHEHUERM 71 B J v IREIRRZ R A MR
1. REFER—FREBEZ.
U RAILZADNARSHE®R, PCR
T;x; /ARG, TiTi RRUREIR,
2. RIREM j1 B jv BIBRIR
8L o, FFLASRD x5, ZEERAYNLHE,
3. RiEFEKEN N R
RIERKERDE, Bk
4, RiEFEE8NTRIBHF RN
IEDNALRRLERSE, XTFENTIR, EBrIseiTumstimie. BN,
5. HINEEEEEF FEAI DNA,

HTIERES, BEFSHMDNAC 101, FHEd(~ 30)
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BRHTE 2REMRVRA, (il RNEE, SHFREEL, SERKEEREFINEREREEER F1F
RBRE, EREZZERETI.

EFITENEETEILD? SreEEEsnsy.

(BERBIURIRENEFH BTN LIS RESETFH, REEFTENTLURFENRS, &
BIRAYERE,

SHXitE: RETVEA.
ARk (BT EFHBIIXT S SRR SEE)

—, FHETT— <, —FREESERr; Bb—, FiRiEr; 28790, & A&KEE Bk
.

Vector game , Franctran......

SFEIR

E—EHE, WERERNETF ELFREHNET]

SFE{THmS, HIIFEXLE:

. AHEA—AZSE I IERRT LA SRS B 1 IR LU JSREEHL,
. RN SEEHETT], SRR EFTIFCNOTELHL,

. AFHEA—CNOT[ IEBATLARINE!

. AHE—N LR FIIERATLAE HITD, ST, TIRRE.

—_

N

w

N

Single qubit operations
ERNSEEF:

1
pautix, X = (1), 3 10) > 1),11) > [0

—1

0
Pauli-Y[], Y = <
)

0 ) BERNGATBHIK Y HEEAE T
0

1
Pauli-Z[], Y =
auli-Z|] (O 1

) WRNGAREHIK Z Wik mE o

Had dH‘H—1 Lo
adamard(H)[] _\/51_1

1
Phase(S)[] S = ( 0)
0 =2

1 0
18MMT =
m/aMI (0 exp (im/4)

exp(—im/4) 0

), SNV S < 0 exp (i /4)

) AYRERERYIT—1E

_ e 0X/2 _ os _isin _( cos(6/2)  —isin(6/2)
RX(6) 6721 (6/2)X (—i sin (0/2)  cos(6/2) )

— e Y2 _ g _isin _ (cos (0/2) —sin(60/2)
Y (e) 6/2)1 6/2)Y (sin (6/2) cos(6/2) )

. —i0/2
RZ(0) = e %/2 = cos (0/2)] —is € (0/2)Z = (e .0 )
0 610/2
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1 0
T S BIERAIEER, RZ SHT < ) ew)

4.2

exp (i60 - &) = exp (i6) | A1) (A1] + exp (—i6) [A_1) (A_1]
= (cos @ +isinB) | A1) (A1| + (cos @ —isin @) |A_1) (A_1]
= co([A1) Ol + A1) )+ 5sinf (1X) (Al — A1) (A1)
= cosf +isin (0)v - o

BRI LARZERETT
43T = R,(n/4)

Theorem 4.1: Z-Y decomposition for a single qubit: {FHa— B U &B1FESLE o, 5, v, d Bk
U= eiaRz(ﬂ)Ry('V)Rz(‘S)

X—ERUFHEN, FSHRAAREIREX T exp(i0) HHAMNEKA, BALBIEMNELRNAHLE
Efft e™@

FEIMNEIEEA T TEES, BRENEZIESEFSR—IRIEXE.,
Corollary 4.2: SHHIEIU , #EEEFA,B,C, #E2 ABC =1, U =e“AXBXC,
413HXH = Z,HYH — —Y,HZH = X

Controlled operations

HREE LERFEF—T Tex , IMELIEHKEFIREN. 8, ZEBiR.
SUAISHER— U SETU=EI]? SISRFAIERIRE CNOTI], AILMIESE, 5iEa T,
B, U =e"AXBXC , H$ ABC =1

1 0
Oeia

e 0
0 eia
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U

1 0
0 ez'oz

C

B

A

Figure 4.6. Circuit implementing the controlled-U operation for single qubit U. o, A, B and C satisfy

U = exp(ic) AXBXC, ABC = I.

FERILAY BRI n MR 1 B9BHMEXT k NMURHEREI,

flgn: HV:=U

O {3
O — I N x NP,
U 1% % V|

Figure 4.8. Circuit for the C?(U) gate. V is any unitary operator satisfying V2 = U. The special case

V = (1 — ) +1iX)/2 corresponds to the Toffoli gate.

MY = (1—4)(I +iX)/2 GEHERERIT Toffoli 7.
BINBEILLES, AT FERES

Decomposition of C"(U)

- lc1)
- e lcp) I:
S |c3) ¢ ’
|c4) * *
= Jcs) . .
T |0) —€ D—
- 0 Gte
|0) N\ D
|0) A T O
Cn(U) I

Two level unitary gates are universal




TLUBRIRR T ERTHIREMFIESE, R TRTEAER1, ®TERR0.
Ha—"Nd * dASRERE, ERILIFE < d * (d — 1)/2 MXEFNTLU, ZRGXLERIRITRIN,
BIRHS#I5IER . BEMEERE,

Approximateing unitary operators

EXHIEEFNIES, MEEFSHIRK

|U = V| := maxy, [[U = V[ |4)

ILPRMEHE, WL EAITEEE BN TREE FSHREESR/)
B ) R POVM M;, fEREU [¢) F1V [¢) £
NFRNNRENER i, g Blpi —a| <2|U-V|

A) = (U - V) |9)

B0V Uy - ViVir.. V| <X, U — Vil

Gray code: ERTIR—PMURF—S—SE s THaRL €.
{E{aunitaryZBETLAS AL Single Qubit unitary 1 CNOT
BRAEASLHISIngle Qubitlg?

=3 b, Single Qubita]LAR A Hadamard+phase+T

T: rotation by /4 around z axis

HTH: rotation by 7r/4 around x axis

THTH = rotation by # around 7 axis

n = (cosm/8,sinm/8,sinm/8),8 = 2arccos (cos® 7/8)
XA 0 B— M, R LieEE R L HERE.
HEINIR, FREHRE, BEALIBERSN.

WfE, BATILUME n XSRS R ESRAE.

MRBEAVBM—R H , FHEES— MM m = (cos /8, —sinm/8, cos w/8) MITEAEM
higd%.

Y, MRT! BAE—RABEIRE, BRANAR e FBERE, FE 1/ e N
[ERE—MESFAI75 AT AR log B975iET

Solovay-Kitaev Theorem

T, XAMEUEER BRAEIE log 1 /€.,

U, V]=UVU-lv-1

XS ={U e SU2) | |I-Ul| <€}, RUATBDH, IEHE e,
IR EE FARIZERIARAS, 150505
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SNERFAIREEI—HGate, EEEXMIKEEEBEAIE. ...

EFHE!

Deutch-JozsaBiEEE, BAEIRITBAIEFLLE, JLUREACENE T HIESFRAN TS,
SNERANE 7 RAXNERHTRANNSH, HAFTEENERT, PLARENSREMRBIEER
T MRAMEHFRAN, NEARITBRINAIEFLEIE? EHGroverEiZEBINLEH, T
BB AOF N BB ARIHHIVE?

SiEm=
ETEE, ETEFEC, BTRET, HE0SHKTRE, BTEN
BRESMEHENLE, SOERE CODAME—FIRIORED)

BREMNEFEERS, ShorEZE—, Grover&zE—/, HHLEZIRERE—, (EEETIX
HRERENEERNHRAT LABIRES ARG,

FE—TEXEEBMENEFEE, WINREICHEXN, EFRERREE, EFRIBIAE. 8RS
HENEICERIAEM.

BRI BEXE-LENATNEFEE. x4IEARNMENEENDT.
KIBFHREERNNE, HEERMNAEEFATEEMNE,
AdIElLE :

1. ¥09EMER, AEFMERE, (BREEEA! )

1985 Deutsch Hix (E—REFERNANEF)
1992 Deutsch-Jozsa &%
1993 BV &%

1994 Simon &%
2. [REMER, AEEMmEF
1994 Shor&%
1996 Grover&;%
1993 E&FiFE

3. HEXHEMENEFREL, BEMEREFE—L

2009 HHL Ei% (fREtEATREAR, Bi&EfShorEi%, GroverEiXiEsE)
EFNBEIEE

4, XJVERITHY, (EENISQMHIEFEER? ) , ETENEFHERNEF-ZRHESEX

2014 QAOA
2014 VQE

HfitiQqwQ
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ETRZENERIESR
B ERERMBELS (0, 1) (0, K2 RRIEP(f)
BIIP(F) = Fx0)® F(x2) @ wvvve @ F(n)

L L R e Ui

(2) THEf:

f(x1) f(xq) f(xn)
—XER, RBEEIITELEK

16

Dtutsch-Jozsa&ix i E

BE—IMI/REE, FIHTRHERFERE (—FAF, —Fh—) EERERY (£50EE)
JESRR | f(z:)), ERXNEEHETCRINEMERE (—1)7)|2),, EELERAIEHTTS.
RSB H" 52— |¢) .

Grover&iX #E

5%“

AT RRTFEIRERRAE, @A LA—RRIRE () B,
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O(/N)
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Figure 6.1. Schematic circuit for the quantum search algorithm. The oracle may employ work qubits for its
implementation, but the analysis of the quantum search algorithm involves only the n qubit register.
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Figure 6.2. Circuit for the Grover iteration, G.
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